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Abstract Kinematic dynamo problem is studied with tsunami motion in open oceans. Using long
wave approximation, a series solution of the dynamo problem is established with fast convergent rate
based on a small parameter relating water wave dispersive eﬀects. Taking solitary wave and single
wave as typical tsunami wave models, the magnitude of tsunami induced magnetic ﬁeld is estimated
at the order of 10 nano Tesla (nT) just over sea level and 1 nT at altitudes of several hundreds
kilometers, respectively, depending on the wave parameters as well as earth magnetic ﬁeld. The space
and time behavior of the magnetic ﬁeld predicted by present model shows fairly similarity with the
ﬁeld data at Easter Island during 2010 Chile tsunami. c© 2013 The Chinese Society of Theoretical
and Applied Mechanics. [doi:10.1063/2.1303203]
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Sea water is an electrically conducting media
which generates small electromagnetic ﬁelds as it ﬂows
through the Earth’s main magnetic ﬁeld. Gravity sur-
face water wave is a common ﬂow type in ocean. Mag-
netic variations associated with ocean waves and swell
are studied using a relative clarify approach following
pioneer works.1,2 The magnitude of magnetic ﬁeld re-
lates to the wavelength and amplitude for oceanic sur-
face waves. In general, sea water’s ﬂow generate elec-
tromagnetic ﬁelds but the electromagnetic ﬁelds are not
thought to aﬀect the ﬂow since the magnetic force is far
smaller than gravity force.3 Magnetic ﬁelds are induced
in ocean and air above due to the fairly good electrical
properties of sea water when they are moved by ocean
waves through the Earth’s magnetic ﬁeld. Magnetic
anomaly induced by sea water’s motion is recognized
and known in very early days.4 Due to the rather weak-
ness of the ocean ﬂow induced magnetic ﬁeld comparing
the strong quasi-steady background Earth’s magnetic
ﬁeld, it is hard to be detected and has not been utilized
until new sensitive techniques are advent and available
for scientiﬁc research. In recent years, magnetic detec-
tion is widely used in geoscience and oceanography.
For short gravity waves, such as Kelvin ship waves,
only a much small magnitude of induced magnetic
ﬁeld could be detected. Around O(0.1)–O(1) nano
Tesla (nT) magnetic ﬁeld can be generated by the
Kelvin waves after submarine and surface ship at cruise
speed.5,6 However even for such weak magnetic ﬁelds,
they can be detected with modern airborne supercon-
ducting quantum interference devices (SQUID) mag-
netic transducer for the near ﬁeld signal.
Electromagnetic ﬁelds tend to enhance when wave
periods and lengths increase. Waves of period 16–17 s
and amplitude of 1 m can induce magnetic anomaly
of 1 nT. Swells of period 10–20 s can induce a mag-
netic ﬁeld of 103 to 104 times of the one’s induced
by wind waves of 5 s. Typical tide ﬂow can induce
a)Corresponding author. Email: hliu@sjtu.edu.cn.
magnetic ﬁeld of 20–30 nT. For some internal wave in
tropical area, measured magnetic ﬁelds value may reach
100 nT.7 Tyler et al.3 compared and found similarities
between the results of a numerical prediction of lunar
M2 tide and champ scalar magnetic records. It has
been shown for the ﬁrst time that the ocean ﬂow makes
a substantial contribution to the geomagnetic ﬁeld at
satellite altitude.
Putting a magnetic meter on a free ship, the mag-
netic ﬁeld is recorded.8 For ocean swells of several me-
ters in height and period around 13 s, wave generated
signals are typically up to 5 nT. Using sea surface
data from satellite JASON-1 for the December 26, 2004
tsunami, the maximum amplitudes about 20 nT near
the magnetic poles is estimated9 for unit sea surface
displacement, which provide a potential for detecting
tsunami in open ocean.
Tsunami has been modeled with various hydrody-
namics wave models. Solitary wave is a commonly used
tsunamis model. The wave period of harmful tsunami is
around O(1)–O(10) min. The length may extend tens
to hundreds of kilometers depending on wave ampli-
tude and water depth. Inspired by ﬁeld observations of
recent tsunamis, N -wave is proposed to be a more real-
istic tsunami model.10 A new paradigm for simulating
tsunamis using a single wave is proposed recently,11,12
which unlock the connection between wave amplitude
and wave number and remove the limitation of small
amplitude solitary wave theory that in deep water the
wave length is too long while too short in shallow wa-
ter. Wave period of tsunami is longer than typical wind
waves and swell, but shorter than internal wave and
tidal wave. However, the velocity magnitude of tsunami
is much more larger than internal wave, especially at the
upper ocean layer, which can induce apparent magnetic
ﬁeld above the sea surface to be easier detected. The
magnetic ﬁled induced by such kind of gravity waves
may possibly be detected by some magnetic transducer
in shipboard, airborne or satellite.
One would expect to see in practice not only one sin-
gle wave but some superposition of many normal modes
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which is determined by the nature of the initial tsunami
disturbance.
A two dimensional problem in vertical plane is con-
sidered with horizontal x-axis and vertical z-axis up-
ward. Linear kinematic dynamo problem for magnetic
ﬁeld vector B = (B(x), B(z)) could be solved with
LB = F · ∇v, (1)
where L = ∂t −K∇2 is a linear operator, K = (μσ)−1
is the magnetic diﬀusivity, μ = 0.4π μN/A2 is the per-
meability of free space and σ = 2–6 S/m is the elec-
trical conductivity of the sea water depending on the
salinity. The mean conductivity of the oceans is cho-
sen as 4.0 S/m. The main magnetic ﬁeld of the Earth
is F = F (cos I cos θi− cos I sin θj + sin Ik) in which F
is the magnitude of Earth’s magnetic ﬁeld, I is the dig
angle and θ is the angle between the wave propagation
direction and magnetic meridian. At the Earth’s surface
the total intensity varies from 24 000 nT to 66 000 nT.
Mean value of 40 000 nT is chosen by default in present
analysis in both horizontal and vertical directions for
convenience. Variable v = (u,w) is water wave veloc-
ity in vertical plane. For harmonic linear progressive
waves, horizontal velocity has a form u = |u|e−i(ωt−kx).
For linear wave in ﬁnite water depth region, the
magnetic ﬁeld in air above sea surface could be obtained
as
B(x)(x, z) =
A
k
[
kK +
2K
h
κh/2
tanh(κh/2)
−
i
√
gh
√
tanh(kh)
kh
]−1
e−kze−i(ωt−kx). (2)
Without loss of generality, a typical tsunami wave
model is chosen as
ζ = Hsech2[γ(x− c0t)], (3)
in which γ is a parameter measuring the wave number.
The phase speed of solitary wave is c0 =
√
gh. Deﬁne
relative wave height α = H/h and phase θ = γ(x− c0t)
in the following analysis. For example, the wave num-
ber γ =
√
3α/(2h) for ﬁrst order Boussinesq solitary
wave. For such small amplitude linear long waves, the
horizontal velocity u is uniform from ocean ﬂoor to free
surface,13,14 and approximated by u = c0ζ/h. Substi-
tuting the horizontal velocity into Eq. (1), we get
LB(x) = −2αγc0F (x)sech2θ tanh θ. (4)
Herein governing equation at horizontal is given with
a source term expressed in terms of wave velocity. For
unity source in the right hand side of Eq. (4), it can be
expressed with harmonic components as
ûx = sech
2(γx) tanh(γx) = − i
π3
ψ0
(
1
2
+
iγx
π
)
=
Re
∫ ∞
0
A0(k)e
ikx dk. (5)
Here ψn(z) is the nth order polygamma function.
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The second order approximations of b(0) with re-
spect of kh are
b(2)
.
=
A
kc0
(
β20 + β21kh+ β22k
2h2
)
, (6)
with
β20 =
Rm
Rm + 2i
, (7)
β21 =
Rm(Rm + 6i)
6(Rm + 2i)2
, (8)
β22 =
Rm(24− 18iRm − 7R2m)
36(Rm + 2i)3
. (9)
Herein we deﬁne the magnetic Reynolds number Rm =
h
√
gh/K, which measuring the ratio between wave
celerity
√
gh and diﬀusion speed of magnetic ﬁeld K/h.
By this approach, the series solution could be ob-
tained by summation of high order terms of kh. Conse-
quently, the ﬁnal expression of B(x) induced by Eq. (3),
after multiplied by a factor of −2αγc0F , reads
B(x) =
2αF (x)
π2
Re
⎡
⎣ 2∑
j=0
β2j
(
γh
π
)j
ψj+1(ξ)
⎤
⎦ . (10)
In this expression, the magnetic ﬁeld is determined by
three dimensionless parameters: wave height α, disper-
sive parameter γh and magnetic Reynolds number Rm.
From the continuity equation of incompressible
ﬂows, we have wz = −ux from divergent free condi-
tion ∇ · v = 0. Taking small amplitude long wave into
account, the horizontal derivative of vertical wave veloc-
ity wx ∼ αux is higher order small term, and could be
neglected in the right hand of governing Eq. (1) with
leading order approximation relating kh, as F (x) and
F (z) are same order values except for the low geographic
latitude regions near equator. With these considera-
tions, the kinematic dynamo problem in vertical direc-
tion could be approximated as
LB(z) .= F (z)wz = −F (z)ux, (11)
which is similar to Eq. (4). Therefore the magnetic ﬁeld
of vertical direction takes the minus value of horizontal
one multiplied by a factor F (z)/F (x).
For vertical component of magnetic ﬁeld B(z), gov-
erning Eq. (11) has the same expression as the one de-
rived by Tyler9 who projected the Maxwell equations
only at the vertical direction perpendicular to the sea
surface.
The magnetic ﬁeld is nearly linearly varying with
solitary wave amplitude at sea level of z = 0. As can
be seen in Eq. (10), the value of B(x) depends on the
dispersive parameter γh in power series. Polygamma
function decays with the real part of the argument. Due
to the wave number of solitary wave is determined by
amplitude, the wave amplitude also aﬀects the decay
032003-3 Kinematic dynamo by large scale tsunami waves in open ocean Theor. Appl. Mech. Lett. 3, 032003 (2013)
Fig. 1. Distribution of magnetic ﬁeld in vertical plane. Unit
of contour label for solid line is nT. Solid line is contour of
B induced by wave of amplitude H = 1 m, dashed line is
contour of B induced by solitary wave of amplitude H =
2 m. Top panel corresponding water depth of h = 1 km and
bottom panel h = 4 km, which are typical water depths of
South China Sea and Paciﬁc Ocean.
rate of magnetic ﬁeld in vertical direction. The distri-
bution of magnetic ﬁeld B(x) in vertical space exhibits a
dipole character for the one induced by a solitary wave
in shallow water ocean, i.e. h = 1 km in Fig. 1, while
a monopole character for the one by a solitary wave in
deep ocean of h = 4 km. In shallow water the mag-
netic Reynolds number is small, e.g., Rm = 0.50 for
h = 1 km, therefore the advection is relatively unim-
portant and the magnetic ﬁeld tend to a diﬀusion state,
determined by the magnetic ﬁeld at the air-sea inter-
face. In deep water region, Rm = 3.98. Diﬀusion and
advection become balance and results in a monopole
character.
Let us investigate the magnetic ﬁeld induced by
single waves12 by setting γ = Ω/c0 in Eq. (3), with
Ω = 2π/T , T is the wave period. For giant tsunami,
the wave period is usually around ten minutes. We com-
pare three diﬀerent waves with period T = 5, 13, 30
min. For period T = 13 min, the dispersive param-
eters are γh = 0.081 for water depth h = 1 km and
γh = 0.163 for h = 4 km. Obviously, kh is not a small
number any more and the dispersive eﬀect is notable.
This is also the reason why linear dispersive model is
preferred for the prediction of tsunamis propagation in
some circumstances. The second-order approximation
(10) still valid for such magnitude of γh.
The attenuation of magnetic magnitude in vertical
direction appears a strong connection with tsunami pe-
riod. At sea surface level, the maximum value of mag-
netic ﬁeld is around 8 nT for the three scenarios. How-
ever, the magnetic ﬁeld induced by short wave decays
much faster than the others, as comparison among dif-
ferent subplots in Fig. 2. At 100 km above the sea sur-
face, the magnetic ﬁeld is around 0.5 nT for T = 5 min,
in contrast to 2.0 nT for T = 30 min.
Sea water depth also play an important role on
Fig. 2. Maximum absolute magnetic magnitude caused by
one meter single waves with diﬀerent period, from top to
bottom T = 5, 13, 30 min. Unit of contour label: nT. The
earth magnetic ﬁeld is F = 40 000 nT.
the attenuation of magnetic ﬁeld. At low altitude over
oceans of diﬀerent depth, there is little diﬀerence on
the magnetic magnitude. However, at high altitude,
the variation is apparent. The vertical decay rate over
deep ocean is much slower than that over shallow ocean
for the same tsunami wave, providing relatively good
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Fig. 3. Top panel shows the distribution of magnetic ﬁeld
B(x) (nT) caused by realistic tsunami wave calculated with
F (x) = 40 000 nT and h = 5 km. Bottom panel shows sea
surface level. Thick solid line is for composite sea surface by
summation of 7 single waves; thin dot line is for ﬁeld data
measured by satellite Jason-1.
opportunities to early warnings.
Finally, let us employ our asymptotic solution to in-
vestigate the magnetic ﬁelds induced by 2004 Sumatra
tsunami and 2010 Chile tsunami. For realistic tsunamis,
the sea surface elevation is neither solitary wave nor sin-
gle waves. However, it could be expressed in form of a
summation of many single waves. Using 7 and 32 com-
ponents, we could obtain good input signals to repre-
sent realistic sea surface variation, as demonstrated in
Figs. 3 and 4.
The magnetic ﬁeld shown in Fig. 3 agrees well with
the values predicted by long wave model9 and fully
global magnetic model.16 With asymptotic formulation
(10), the magnetic distribution could be easily obtained
without loss of accuracy.
A tiny magnetic signal was captured by the epicen-
ter and magnetic observatory at Easter Island (IPM)
during Chile 2010 tsunami passing through Easter
Island,17 which shows a striking similarity to the sea
level record. We use the shifted sea surface record at
DART 51406 with a time lag of 3 h and 50 min as the
local wave history at Easter Island, and calculate the in-
duced magnetic ﬁeld at Easter Island with our asymp-
totic theory as shown in Fig. 4. Since the weak dis-
persive eﬀects are taken into account in present model,
the long wave model9 is veriﬁed to be reasonable accu-
rate on predicting the tsunami generated magnetic ﬁeld
in these two events. Note the wave height was only
around 0.3 m in open water region in contrast 1.0 m
in analytical results (as shown in Figs. 1 and 2), the
corresponding induced magnetic magnitude was around
only 1 nT in this event.
Present asymptotical model could qualitatively pre-
dict the magnetic ﬁeld induced by the front of the
tsunami waves. Therefore, the possibility of detecting
Fig. 4. Top panel shows sea surface elevation at Easter
Island on 27 February 2010, shifted 3 h and 50 min from
DART 51406 (dashed line) and the ﬁtting curve by sum-
mation of 32 single waves (solid line). Local water depth
takes value of h = 3 km. Bottom panel shows comparison
on tsunami induced magnetic ﬁeld B(z) in vertical direction.
Thick solid line is estimated by present work and dashed line
is calculated following Tyler’s formulation, and thin line is
ﬁeld data at gauge station IPM operated by the Bureau Cen-
tral de Magnetisme Terrestre, France. Main magnetic ﬁeld
of Earth takes F (z) = −19 600 nT.
tsunami through magnetic anomaly is veriﬁed. Based
on the spatial and temporal behaviors of the magnetic
signal over the ocean, a small amplitude transoceanic
tsunami is expected to be on time detected before it
propagates into shallow water region. The knowledge of
magnetic anomaly could extend the detection method-
ology on natural hazard.
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